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You may have used the Josephus Problem as a programming assignment in one of your courses.   I have been 
using this problem for many years in CS1 or CS2, primarily to illustrate applications of various data structures 
and algorithmic problem solving.   The resulting “brute force”  solution works, but is not elegant.  Accordingly, I 
challenge students to analyze the problem more mathematically and use mathematical thinking to seek a more 
precise solution.  Few students are successful.  However, computer science students should develop the skills 
necessary to find both solutions, algorithmic and mathematical model.  The latter provides an efficient solution 
which can be used to validate the algorithmic solution – very important for critical systems components.  
 
I thank Kathy Shafer for the mathematical analysis and solutions presented below.  They illustrate the power of 
mathematics, when applied correctly.  I encourage you to adapt these for use in your courses.  For example, ask 
students to try various simple problems seeking the pattern.   Consider giving them a template for the recursive 
pattern solution Kathy presents below, having them find the “pieces”  necessary to complete the template. 
 
Please note that the solution strategies presented use inductive reasoning for identifying a general pattern.  This 
technique has been illustrated in several previous Math CountS columns (see blue.butler.edu/~phenders/InRoads  
for access to all SIGCSE Math CountS columns). 
 
Josephus Flavius’  Problem 
Kathryn G. Shafer  (shaferk@bethelcollege.edu) 
 
Background Infor mation:  As a mathematics education doctoral student at Western Michigan University, I 
became aware of the many different topics that can be considered discrete mathematics.  Even though I had little 
experience with these topics, the computer science applications and algorithmic thinking drew my attention.  
After taking a position at Bethel College I had the opportunity to adjust course requirements for the mathematics 
majors.  I proposed the addition of a proofs class and a discrete math class.  The audience for the discrete math 
course would be CS majors as well as math and math education majors.  The course was scheduled for fall 2003 
and since we did not have anyone willing to teach it I volunteered.  Needless to say the first time teaching this 
course was a wonderful learning experience.  I selected the text Discrete Mathematics with Applications 2nd 
Edition, by Susanna S. Epp due to the fact that applications were integrated within most every chapter and it was 
readable.  Then I worked hard to keep ahead of the students.  The CS majors were gracious when we ran into 
topics they had already encountered.  On those occasions I had student present on various topics.  
 
My interest in discrete mathematics continued and resulted in my presence at the Nifty Applications in Discrete 
Mathematics workshop.  This was a Mathematical Association of America Professional Enhancement Program 
organized by Bill Marion in the summer of 2004 at Valparaiso University.  I found the experience, the 
participants and the presenters to be stimulating and enjoyable.  As it turned out we were encouraged to develop 
discrete math problems that could be shared with other interested colleagues via Pete Henderson’s webpage ( 
blue.butler.edu/~phenders/??? ).  The following problem is one that was presented in its raw form by Bill Marion 
during the workshop and I credit Bill for the recursive formula, the computer program (which I ran on a TI-
Voyage 200) and the references listed below.  Enjoy! 
 
 



Josephus Flavius’ Problem 
 
Problem:  This version of the original “Josephus Flavius’  Problem”  has been chosen to make the outcome a 
positive one.  The original problem along with a very cool java applet can be found at  http://www.cut-the-
knot.org  under games and puzzles. 
 
In a land far away in both time and distance there lived a king.  He had a most beautiful daughter that wished to 
be married.  The king decided that to marry his daughter the young man should be both brave and wise.  The king 
invited his best knights to enter into a challenge that would result in marriage to his daughter.  The challenge is 
described as follows. 
 
The N knights are arranged in a circle and are numbered from 1 to N (say clockwise).  Starting with knight 
number 1 and, counting each knight in turn around the circle, every Mth knight is removed.  After N-1 
eliminations there is only one knight remaining.  Determine the position of the knight in the circle who will 
marry the princess.  Denote this as P(N, M). 
 
Keywords: problem solving, modeling, modular arithmetic, iteration, recursion 
 
Type: homework problem, group project, research project 
 
Pedagogical Notes:  This problem is one that the students should be allowed to mess around with before any 
formal solution strategies or hints are offered.  There are a number of ways the problem can be approached and 
giving a hint too early will limit the student’s chances to be creative.   
 
Learning Outcome:  This problem provides a nice capstone to the topics of iteration, recursion and also modular 
arithmetic.  This problem makes a case for mathematical modeling as the student works to a solution.  If used in a 
programming class the student should be able to write an efficient program that will yield the solution.  If used in 
a discrete mathematics class the student should be able to come up with an efficient technique for solving the 
problem given a specific N and M and be able to understand the formula P(N, M). 
 
Prerequisite Knowledge:  Introduction to programming, introduction to modular arithmetic. 
 
References:   
Augenstein and Tenenbaum, “Program Efficiency and Data Structures” , SIGSCE Bulletin; 9, 3 (1977). 
Ball and Coexiter, Mathematical Recreations and Essays, Dover Publications, 13th Ed. (1987). 
Wood house, “Programming the Josephus Problem” , SIGSCE Bulletin; 10, 4 (1978). 
Grahm, Knuth, & Patashnik, Concrete Mathematics: A Foundation, Addison Wesley, 2nd Ed. (1984). 
 
Solutions:  There are a number of different approaches and solutions to this problem.  Three solutions are given 
and discussed in detail. 
 
Recursive Solution:  This solution is written for knights numbered zero to N-1.  The process is iterated until a 
single knight remains.  Practicing with examples motivates the general recursive solution.  Let us examine P(5, 3) 
where there are five knights and every third knight is removed. 
 
Figure 1.         Figure 2.        Figure 3. 
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On the first round of elimination the 2 is removed and the remaining knights in 3, 4, 0, 1 are renumbered as 0, 1, 
2, and 3.  Note, the new position is related to the old position by the formula 
 

(new # + M)mod N = old #   
 

For example, we have (1 + 3) mod 5 = 4 and (3 + 3) mod 5 = 1 in figure 2. 
 
On the second round of elimination the new 2 has been eliminated and the knights in new numbers 3, 0 and 1 are 
renumbered from 0 to 2 (Figure 3).  Note that N is now 4 since we began this round with only 4 knights.  In 
figure 3 we see that (0 + 3) mod 4 = 3 and (1 + 3) mod 4 = 0.  If we continue this pattern the knight in the fourth 
position is the last to remain. 
 
Summary of the recursive solution: 
 
From above we have the observed pattern (new # + M) mod N = (old #)     
 
Notice that (new #) can be represented by P(N-1, M) and (old #) can be represented by P(N, M). 
 
By substitution into the observed pattern we get the following recursive formula when N ≥ 2; 
 

(P(N-1, M) + M)mod N = P(N, M). 
 
Thus, the recursive solution is P(N, M) = 0 if N = 1  OR  P(N, M) = (P(N-1, M) + M)mod N for N ≥ 2. 

For P(5, 3) we work down the column on the left and then back up the column on the right. 

P(5, 3) = (P(4, 3) + 3) mod 5   which is (0 + 3) mod 5 = 31 
P(4, 3) = (P(3, 3) + 3) mod 4  which is (1 + 3) mod 4 = 0 
P(3, 3) = (P(2, 3) + 3) mod 3  which is (1 + 3) mod 3 = 1 
P(2, 3) = (P(1, 3) + 3) mod 2  which is (0 + 3) mod 2 = 1 
P(1, 3) = 0 since N = 1.    
 
Equivalence Class Solution:  This method stresses the modular arithmetic involved in the problem by looking at 
congruence modulo N.  This method works best for reasonable values of N and M. The procedure provides 
insight as to why modulo N is found in the recursive solution.  
 
Example 1.  Find P(5, 3). 
 
Setup:  Starting at 0, list numbers across the page and section them off in groups of 5, for M = 5.   
 
0  1  2  3  4 | 5  6  7  8  9 |  10  11  12  13  14 | 15  16  17  18  19 | 20  21  22  23  24    
 
Step 1:  Begin counting at 0 up to N, or 3.  You should stop at 2, underline it and cross it out.  Now, notice the 
third position in each block of  numbers gives you 7, 12, 17, 22, … which is [2] in Z5.  In other words, these 
values are congruent to 2 mod 5.  Cross out the remainder of the equivalence class [2] in the list.  This eliminates 
the third position or the third knight. 
 
Step 2:  Begin counting the numbers following the underlined 2.  You should stop at 5, underline it and cross it 
out.  Notice that the numbers in the first position of each block are 0, 5, 10, 15, 20, … which is [5] in Z5.  Cross 
out all the numbers in this equivalence class to get: 
 

                                                
1 Since we started numbering at zero, we add one, which gives us the fourth knight or P(5, 3) = 4. 
 



0  1  2  3  4 | 5  6  7  8  9 |  10  11  12  13  14 | 15  16  17  18  19 | 20  21  22 23  24     
 
Note:  The underlining is done to keep track of where you left off.  This also gives you an order as to when the 
knight in that position was eliminated.  The first knight to be eliminated was in position 3 followed by the knight 
in position 1. 
 
Step 3:  Begin counting at the first remaining number following the 5 and count up 3.  Notice that you skip the 7 
since it was crossed out.  Underline the 9 and cross out all values of [9] in Z5.   
 
Step 4:  Begin counting at 11 and stop at 16.  Underline the 16 and cross out this equivalence class Z5.  You are 
finished because you have eliminated 4 of the 5 nights.  The remaining value in each of the blocks is in [3] which 
is the fourth position (recall we started at 0).  After this step we have: 
 
0  1  2  3  4 | 5  6  7  8  9 |  10  11  12  13  14 | 15  16  17  18  19 | 20  21  22 23  24   
 
Solution:  Note the remaining equivalence class is [3].  Since we started at zero we must increase this to position 
number 4 so P(5, 3) = 4.  
 
Example 2.  Find P(6, 4). 
 
After step 2: 
 
0  1  2  3  4  5 | 6  7  8  9  10  11 | 12  13  14  15  16  17 | 18  19  20  21  22  23 | 24  25  26  28  29 30 
 
After step 5: 
 
0  1  2  3  4  5 | 6  7  8  9  10  11 | 12  13  14  15  16  17 | 18  19  20  21  22  23 | 24  25  26  28  29 30 
 
Solution:  The model illustrates the remaining position is [4] in Z6 or the fifth position so P(6, 4) = 5.   
 
Programming Solution: 
Procedure J_ARRAY (OBJECTS, N, M, LAST) 
For I <= 1 to N Do 
 OBJECTS (I) <= 1 
End For 
NUMBER <= 0 
For  COUNT <= 1 to N-1  Do 
 ELIM_COUNT <= 0 
 While  ELIM_COUNT < M  Do 
  NUMBER <= (NUMBER Mod N) + 1 
  If  OBJECTS (NUMBER) = 1  Then 
   ELIM_COUNT <= ELIM_COUNT + 1 
  End If 
 End While 
 OBJECTS (NUMBER) <= 0   
  Display OBJECTS2 
End For 
I <= 1 
While  OBJECTS (I) = 0  Do 
 I <= I +1 
End While 
LAST <= I 
End J_ARRAY 
 

                                                
2 For the output listed below a display command was added here. 



Program Notes:  The variables and sample output will be discussed. 
N – number of knights; M – number being used to eliminate knights. 
OBJECTS - an n dimensional array that holds a 1 if the knight remains and a 0 if the knight has been eliminated. 
COUNT - increases from 1 to N-1 as each knight is removed from the circle. 
NUMBER - a pointer for the KNIGHTS array, ranges from 0 to N-1 (note - the program increases NUMBER to 
adjust to the array’s indices of 1 to N). 
ELIM_COUNT – is a counter that counts only the remaining knights  
  (i.e. if KNIGHTS(NUMBER) = 1) and ranges from 0 to M. 
Sample Output: 
If N = 5 and M = 3; Solution is position 4   
1 2 3 4 5 Position of knight 
1 1 0 1 1 Third knight is removed 
0 1 0 1 1  First knight is removed 
0 1 0 1 0 Fifth knight is removed 
0 0 0 1 0 Second knight is removed 
 
If N=6 and M=4; Solution is position 5    
1 2 3 4 5 6 Position of knight 
1 1 1 0 1 1 Fourth knight is removed 
1 0 1 0 1 1 Second knight is removed 
0 0 1 0 1 1 First knight is removed 
0 0 0 0 1 1 Third knight is removed 
0 0 0 0 1 0 Sixth knight is removed 
 


